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Extreme value statistics: motivation

Applications to epidemics[1], finance [2], climate science [3]

Daily confirmed COVID-19 deaths per million, rolling 7-day average  [iid
Limited testing and challenges in the attribution of the cause of death means that the number of firmed deaths
may not be an accurate count of the true nul
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[1] M. Marani, Marco, et al., Proceedings of the National Academy of Sciences 118: €2105482118 (2021).
[2] S.N. Majumdar and J.-P. Bouchaud, Quantitative Finance 8, 753 (2008).
[3] G. Wergen and J. Krug, Europhys. Lett. 92, 30008 (2010). B



Extreme value statistics: an example
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Di Baldassarre, Giuliano, et al., Hydrological Sciences Journal, 56.2 (2011): 199-211.



Central Limit Theorem

Sn=X1+Xo+...+Xxn
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Central Limit Theorem
Numerical example
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Central Limit Theorem
Numerical example
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Central Limit Theorem
Numerical example
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Central Limit Theorem
Numerical example
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Extreme value statistics: an example
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Di Baldassarre, Giuliano, et al., Hydrological Sciences Journal, 56.2 (2011): 199-211.



Extreme value statistics: setting

X; A
X;, X, ... XN

random variables with distribution
[ >
1, 8. N 7

[1]1 S. N. Majumdar, A. Pal, and G. Schehr, Physics Reports 840, 1 (2020). 10



Global Maximum
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Given P(X1,...,XxN) whatcan | say about the distribution of M?

[1]1 S. N. Majumdar, A. Pal, and G. Schehr, Physics Reports 840, 1 (2020).
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Time of the maximum
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Given P(X7,...,X ) whatcan | say about the distribution of fax?

Applications to finance, disordered systems, sports...

[1]1 S. N. Majumdar, A. Pal, and G. Schehr, Physics Reports 840, 1 (2020). 12



Time of the maximum
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Record statistics

2

X; is a record if X; > {X1,,Xo,..., X, 1}

X; A

Applications to climate science, sports, evolution, insurance policies,...

[1]1 S. N. Majumdar, A. Pal, and G. Schehr, Physics Reports 840, 1 (2020).
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Record statistics In climate science

Global average temperature change
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Time above
2 hours [min]
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Extreme value statistics: setting

X; A
M
Global maximum
M = max X;
1<i<N
Time of the maximum
12 .. tmax N ] tmax = argmax ;< n X

Record statistics

Ngr (Number of records)

[1]1 S. N. Majumdar, A. Pal, and G. Schehr, Physics Reports 840, 1 (2020). 17



Independent and identically distributed variables

N
P(Xy,...,Xn) = ][ p(Xi)
Joint probability distribution Marginal probability distribution

No correlations

Example: Derrida’s random energy model [1]

[1] Derrida, Bernard. "Random-energy model: An exactly solvable model of disordered systems." Physical Review B 24.5 (1981): 2613.



Extreme Value Theorem

M = max X,
Gumbel Fréchet Weibull
p(X) decays p(X) decays as p(X) has an upper
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p(X) decays exponentially fast for large x
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Extreme value distribution
Numerical example

1.04

—X

it X >0,

otherwise

P(X)

0.8

0.6

0.4 1

0.2 1

0.0

21




Extreme value distribution
Numerical example

P(X)

=X X >0,

0 otherwise
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p(X) =

1
4

Extreme value distribution
Numerical example

(e"X_?’l + e_|X+3|)
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p(X) =

Extreme value distribution
Numerical example

i (€—|X—3| n €—|X+3|)
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Does 1t work on real data?

Radcliffe Observatory

Images from Green Templeton College
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Does 1t work on real data?

Radcliffe Meteorological Station
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Does 1t work on real data?

Radcliffe Meteorological Station
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Maximal temperature in October
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Maximal temperature in October
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Maximal temperature in October
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Independent variables: record statistics

X; isarecord if X; >{X1,,X2,...,X;.1}

Given a sequence of N random numbers, how many records do we expect to see?

31



Independent variables: record statistics

X; isarecord if X; >{X1,,X2,...,X;.1}

Given a sequence of N random numbers, how many records do we expect to see?

1
Prob.(X; is a record) = Prob.(X; > X1, X; > Xo,... , X; > X, 1) = =
7

32



Independent variables: record statistics

X; isarecord if X; >{X1,,X2,...,X;.1}

Given a sequence of N random numbers, how many records do we expect to see?

1
Prob.(X; is a record) = Prob.(X; > X1, X; > Xo,... , X; > X, 1) = =
7
N
1 N1
(Ngr) = E — & —di = log N
: 1 1 1
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Independent variables: record statistics

‘XZ- is a record if X; > {X1,,Xo,...,X;_1}

Given a sequence of N random numbers, how many records do we expect to see?

1
Prob.(X; is a record) = Prob.(X; > X1, X; > Xo,... , X; > X, 1) = =
7
N
1 N1
(Ngr) = E — & —di = log N
1 1 1 1

UNIVERSAL!
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Independent variables: record statistics

(Nr) = log(N)
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Marathon record statistics
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Maximal temperature in October
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Correlated systems

Correlated random variables

P(Xy,...,XN)# HP(Xi)

No general technique!
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N > ¢

Weakly correlated random variables

correlations

(XiX;) — (X)X;) ~ e lidl/e

X, | ¢
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Weakly correlated random variables

I.1.d. problem

M = m]?XMk
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Exactly solvable models

Strongly correlated random variables

/
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[1]1 C. A. Tracy and H. Widom, Commun. Math. Phys. 159, 151 (1994), 177, 727 (1996).
[2] S. N. Majumdar and G. Schehr, J. Stat. Mech. Theory Exp. P01012 (2014).
[3] S. N. Majumdar and A. Comtet, Phys. Rev. Lett. 92, 225501 (2004). 41



Exactly solvable models

Strongly correlated random variables

/
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[1]1 C. A. Tracy and H. Widom, Commun. Math. Phys. 159, 151 (1994), 177, 727 (1996).
[2] S. N. Majumdar and G. Schehr, J. Stat. Mech. Theory Exp. P01012 (2014).
[3] S. N. Majumdar and A. Comtet, Phys. Rev. Lett. 92, 225501 (2004). 42



Random walks

Independent and identically

Xk—l 4 Nk distrit;;lie%ur]n??%)
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Random walks

Independent and identically

X. = X, distributed jumps
k k—1 1T Mk e ~ p(n)

N—-1

P(X1,Xs,....Xn) = || p(Xita — X3)
1=1
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Survival probability
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Survival probability

0,
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Survival probability

0,

PI‘Ob.(Xl ZO,XQ ZO, ,Xn ZOlXO :O)

/ dm / dnn 0(m)0(m +mn2) ...0(m +n2 + ...

— o0 — 00



Sparre Andersen theorem

0,

2
4n — < n) 2—2n
T

[1] E. Sparre Andersen, Math. Scand. 2, 195 (1954).

UNIVERSAL!
Independent of p(n) for any n
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Sparre Andersen theorem
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Time of the maximum

O Emas

P(tmax|n) =7

Applications to finance, sports,...
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Time of the maximum
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Time of the maximum
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Time of the maximum
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Time of the maximum
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Time of the maximum
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Time of the maximum

dk =

:
O \/ tmax " k
thax qn—tmax

2K\ . _
( k )2 " P(tmaXln) — thax qn—tmax

56



Time of the maximum

dk =

:
O \\/ tmax " k
thax qn—tmax

< > < >

UNIVERSAL!
Independent of p(n) for any n

2K\ . _
( k )2 " P(tmaXln) — thax qn—tmax
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Time of the maximum of a random walk

P(tmax|mn)
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Time of the maximum of a random walk

P(tmax|mn)
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Time of the maximum of a random walk

P(tmax|mn)
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Time of the maximum of a random walk

P(tmax|mn)
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Time of the minimum of a random walk

P(tmin|n) =
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Active Particles



Active vs passive matter

Active Motion of

E. Coli bacteria
(Berg et al.)

Persistent motion (absorbing
energy from the environment)

Out of equilibrium

Alive

- L N I U %

I‘.‘t' : .? '.0- l".l .p-S

(Passive) Brownian
Motion

* Random motion (collisions with
smaller molecules)

* Equilibrium

* Dead



Run-and-tumble particle (RTP) model
RTP model

* Motion in d dimensions
* Random velocity v— W(v)
* Tumbling rate 7Y

E. Coli bacteria (Berg et al.)

[1] E. Orsingher, Random Oper. and Stoch. Equ. 3, 9 (1995).
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Run-and-tumble particle (RTP) model
RTP model

* Motion in d dimensions
* Random velocity v~ W(v)
* Tumbling rate 7Y

What is the survival probability S(t)?
S(t) = probability that the x-component of the
particle does not change sign up to time t

Known for d=1 and constant velocity [1]

S(t) = ze= ™ ((r/2) + T (11/2)

E. Coli bacteria (Berg et al.)

[1] E. Orsingher, Random Oper. and Stoch. Equ. 3, 9 (1995). 66



S(t)

Numerical simulations
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S(t) =

Numerical simulations

1

T2 (Io(yt/2) + 1 (71/2)
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S(t) =

Numerical simulations

1

Se 2 (Io(v/2) + 1 (7t/2))
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Numerical simulations

1
—~t/2
S(t) = 5e772 (Io(1t/2) + L (7t/2))
W (v)
4
iy —— Theory
0.45 - + Simulations (d=1)
X  Simulations (d=2)
0:40 #  Simulations (d=3)
g 0.35 A Simulations (random speed)
wn
0.30 -
0.25 -
0.20 -
0 2 4 6 8 10

70




0.50 A
0.45 -
0.40 -

W 0.354

S
0.30 -
0.25 -

0.20 A

Numerical simulations

|

Universality

- Theory
4+ Simulations (d=1)
X Simulations (d=2)
+ Simulations (d=3)
A Simulations (random speed)

71



P(X,t)

Position distribution

Not universal!

0.175 A

Qo aQ
[ L L |
& wWwN P

0.150 A

t =10,y =1

0.125 A
0.100 A
0.075 A
0.050 A

0.025 -

0.000 -
-100 =75 =50 =25 0.0 2.5 5.0 7.5 10.0

X

72



Sparre Andersen theorem

‘Yk ‘

2n
n

4n — 2—2n

Independent of p(n) for any n

It is not obvious how to apply this result to the RTP model

Mapping to a discrete-time random walk (in Laplace space)

[1] E. Sparre Andersen, Math. Scand. 2, 195 (1954).
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Extreme Value Statistics

Time of the maximum [1] Average number of records [1]
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Also universal!

[1] FM, P. Le Doussal, S. N. Majumdar, and G. Schehr, Phys. Rev. E 102, 042133 (2020).
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Extreme Value Statistics

Using simple models, we can learn a lot about the statistics of extreme
events, records, ...

Many applications to physics, finance, evolution theory, ...

Often we find universal results, independent of the details of the model

Can we find a general theory of rare events in correlated systems?



Thank you for the attention



